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proposed by Aharony, Bergman, Jafferis and Maldacena. They are considered as world
volume theories of membranes probing C*/(Zy x Z,) and include new membrane theories
with V' = 4 supersymmetries. We find that the moduli spaces of them are consistent with
the fact that they probe C*/(Zy x Zy,).

KEYWORDS: p-branes, Chern-Simons Theories, M-Theory].

© SISSA 2008


mailto:terasima@yukawa.kyoto-u.ac.jp
mailto:futoshi@yukawa.kyoto-u.ac.jp
http://jhep.sissa.it/stdsearch

Contents

=

Introduction

1=

[D]

ABJM theory

1\Wv]

[r|

Orbifold action and supersymmetry

= =

Moduli spaces of several orbifold gauge theories
[ Orbifold gauge theory I

3 Orbifold gauge theory II

Orbifold gauge theory IIT ?

R REEE

B. Conclusion

1. Introduction

The works of Bagger and Lambert [[]-[f] and Gustavsson [[f] made breakthrough on the
study of multiple membranes. Recently, three dimensional N/ = 6 Chern-Simons theory
with gauge group U(N) x U(N) were constructed by Aharony, Bergman, Jafferis and
Maldacena (ABJM) [f] and many aspects of the theory have been explored recently [H]—
B3).} This theory at level k is suggested to describe the world volume theory of M2 branes
probing C*/Z;,, where the discrete group Zj, act complex coordinate y4 (A =1,...,4) as

(' v% vt yt) — (e Syt ek YR ek gt e y4)- (1.1)

This proposal is very interesting and it is desirable to investigate this theory further. In
order to get more examples of the multiple membrane theory, the orbifolding will be very
useful. Indeed, the orbifold of the ABJM theory with gauge group SU(2) x SU(2), i.e. the
BLG case, and its moduli space were studied in 4] and two different Z,, orbifolds of the
ABJM theory with U(N) x U(N) were studied in [f].2

In this paper, we study a general class of Z,, orbifold theories of ABJM with U(NN) x
U(N) gauge group, and find another N/ = 4 supersymmetric membrane theory. This
discrete group Z,, act as rotation of the phase of the complex coordinate y* as

2mi 27 27 27
1,2 ,3 .4 Framl e a2 T a3 a4
(y,y,y,y)%(enly,e’wy,e”Sy,e”4y).

'Tt has been shown that the Bagger-Lambert theory with SO(4) structure can be written as a Chern-
Simons-matter theory [@] and it describes membranes on an orbifold [@7 @]

20ur models considered in section 4.1 and section 4.2 were the same models considered in [E], whose
analysis turns out to be consistent with ours although we independently did this work.



U(N)1 | UN)2 | SU(2)1 | SU(2)2
Z N N 2 1
w N N 1 2
V | Adjoint 1 1 1
1% 1 Adjoint 1 1

Table 1: Matter contents and symmetry

We also study the moduli spaces of the Z, orbifolds of the ABJM action for following
two cases

(I) (n17n27n37n4) = (n7n7 —n, —TL),
(II) (’I’Ll,’I’LQ,TLg,TL4) = (n,n,oo,oo), (12)

which preserve N' = 4 supersymmetry. For convenience, we allow n4 = oo, which means
that y* is invariant under this action. We find they are consistent with the fact that they
probe C*/(Zy, x Z,), where we assume that k = k' n where k' € Z.

The organization of this paper is as follows. We begin in section 2 with a brief sum-
mary of ABJM theory. Next we discuss in section 3 the classification of Z,, orbifold of
ABJM theory and analyze supersymmetry of the orbifold theory. In section 4, we analyze
the moduli space of several examples of orbifold gauge theory. Section 5 is devoted to
conclusions and discussions.

2. ABJM theory

In this section, we briefly review the ABJM theory [{. This theory is U(N); x U(N)y
gauge theory with corresponding vector superfields V,V, which are not dynamical, and
with hypermultiplet superfields in bifundamental and anti-bifundamental representation

ZA — ZA+9CA+02FA
WA = WA 4+ 0wt + 62G4, (2.1)
where A = 1,2. The global symmetries which can be seen explicitly are SU(2); which act
only on Z and SU(2)2 which act on W. The matter contents and the manifest symmetries
are summarized in table [I.
Actually, this theory also has SU(2) g symmetry, under which (Z!, W) and (22, W12)

form multiplets. As this symmetry does not commute with SU(2); x SU(2)2 symmetry
mentioned above, the theory must have SU(4)r symmetry as a whole. Four scalars

yt = {z4 Wiy (2.2)
form a fundamental representation of this SU(4)g while four fermions
Ya = {eapCPe T capwtPe ) (2.3)

form an anti-fundamental representation [f, f]. Existence of SU(4)g ~ Spin(6)g sym-
metry indicates N = 6 supersymmetry. Six supersymmetry generators are in the vector



representation of the Spin(6)g, or equivalently, in the antisymmetric tensor representa-
tion of the SU(4)r.
The action of this theory in a superspace formalism is given by [f]. After integrating
out auxiliary fields, the action is given by [f, ]
s [k 2i S 20 s
S=[d=x 1t Tr | A0, A\ + gAMA,,AA — A0, Ay — gAuA,,AA
—~Tr(D,Z) D*Z — Te(D,W) DWW + iTe¢T#D,.C

HTrwi P Dyw — Vies — vferm} (2.4)
with the potential Vo = Dbos + VJPOS, where
o 472

Vh® = 5 Tr [(Zf‘zj1 + WIAWL) (28 2], - WBW) (29 Z), — WiCWe)
H(Zh 24+ waw Y (zh 28 — weWTB) (2L 2¢ — wewic)
—27(ZP 2}, - WiBWg) 2A(2L,2¢ — WewTC)
—oWtA(zh 2B — weWiBYW(2C 2z}, - WTCWC)]

1 2
Vo = —Z—ZTr [WTAZ;WTCWAZBWC —wHZLwiCwezBw,

+Z, Wz W 2C — WA ZL WO 20w 2] (2.5)

and Vierm = V[f)erm + V}erm, where

21

v = 2 (chet = ns) (2427 v
- (ch=otton) (2224w )
S [ ) (62? < wt)
(¢4 W) (5 =)
VE = 2%€AC€BDT1" 204 W5 Z wp + 20 wpZ“Wp +Z"wpZ“Wp + (" Wi( W]

2
+ T eace™PTr |26 WP Zut? + 2c Wt ZL WP

+ 2}t ZL WP 1 wtE Wt (2.6)

Here, A* and A" are gauge fields for U(N); and U(N)y, respectively.

Full global symmetry acting on the moduli space of this theory is actually SU(4)r x
U(1)p. The U(1), symmetry is originally an over all U(1) part of the gauge symmetry
U(N); x U(N)a, whose corresponding gauge field is Tr (A“ - fl“) Due to the Chern-
Simons term, this U(1), symmetry is ungauged on the moduli space except for its subgroup
Zy, [H], where Zj acts on 4 complex coordinates y? as

yAh = 2mkyA 4 =1,2,3,4. (2.7)

This theory is suggested to describe the world volume theory of N M2 branes probing
C*/Zy. 1In particular, for k = 1 and k = 2, the global symmetry is expected to be
Spin(8) g, which indicate N' = 8 supersymmetry. The global SU(4)r x U(1), symmetry
can be regarded as a subgroup of the full Spin(8)r symmetry.



3. Orbifold action and supersymmetry

In this section, we consider orbifold gauge theory of the ABJM theory and calculate how
many supersymmetries are preserved. First, we introduce eight supercharges, which are
transformed as a spinor of the full Spin(8)r symmetry. They are labeled by spin weight
s4 = £1/2. From chirality condition, we have the condition

$1 + 89 + 83 + 54 = 27. (3.1)
The Zj, acts on the SUSY generators as
Q51,...54—>6(51+82+83+84)2m/kQsl,...34~ (3.2)
Thus, the spinors left invariant by this orbifold action satisfies the condition
$1+ 8o + 83+ 54 = kZ. (3.3)

For k = 1,2, this condition are included by (B.1]). The theory has N' = 8 supersymmetry
in this case. For k > 3, six out of eight spinors satisfies this condition, which indicates
N = 6 supersymmetry.

We consider further orbifolding by the following Z,, action

yA - 2mimagA 4A=1,2 3.4 (3.4)

which is a subgroup of the global SU(4)r x U(1), symmetry. For convenience, we allow
n4 = oo, which means that y* is invariant under this action. As this transformation acts
on the SUSY generators as

(51 S22 83 S84
Qsl,...84 — €XpP |:27TZ <_ +—+—+ _>:| QS1,...S47 (35)
ni ng n3g Mg
the invariant generators under this action satisfy
S S S S
L2327 (3.6)

n n2 n3 Ny

Solution of (B.3) and (B.G) are the remaining supersymmetry generators under a given Z,
orbifold action (B.4). Generically, if you find the solution satisfying (B.J) and (B.6), same
{na} with opposite sign of {s4} of the solution is also a solution. Thus, the number of the
remaining supersymmetry generators is always even.

The above discussion is based on the assumed Spin(8)g symmetry, which is not man-
ifest in the ABJM action even for £ = 1,2. However, the same results will be obtained
even if we start from the global SU(4)r x U(1), symmetry, which is manifest in the ac-
tion given in [ff]. The important point here is that U(1), transformation commutes with
supersymmetry transformation. Indeed, we can see it from the explicit AV = 6 transforma-
tion [[[4, [i§, B, BT, taking account that U(1), act on scalars and fermions as y4 — e¢'®y4
and 4 — e7"®ytA. Thus, only the Z, orbifold action included in the SU(4)g part can



break the supersymmetry. As the six spinors above, which satisfy (B.J), are in an anti-
symmetric tensor representation of this SU(4)r symmetry, we see that spinors invariant
under Z,, C SU(4)g remain as symmetries of the orbifolded theory.

In section 4, we will use the N/ = 2 superfields instead of the SU(4)r manifest form
because we translate the orbifold action to the orbifolds of the superfields for the examples
we will study.

For simplicity, we assume that & > 3. In the following, we analyze which Z,, orbifold
action preserves supersymmetry and how many supersymmetries are preserved under that
action. As ng = oo and ny = 1 are special, we classify the solutions according to the
number of them. Note that the action (B.4) for scalars is the same for ny = 1 as that for
na = oo. However, the action for SUSY generators (B.H) is different between |n4| = 1 and
n4 = oo. This difference come from whether the orbifold action include the Zy(C Spin(8)r)
action which changes the sign of matter fermions while does not act on scalars. As we will
see later, the number of the preserving supersymmetry is different between n4 = oo and
n4 = 1 for some cases. On the other hand, for example, n4 = 1 and n4 = —1 are equivalent

both for (£.7) and (B.3).
() c*

We consider the case where all the n4 are either co or 1. This orbifold action does
not act on the scalars y4 at all, but potentially acts on SUSY generators as Zs action.

(i) All the ny are oo
This case is trivial because it corresponds to the unorbifolded case.
(ii) Three of ny are co and one of ny4 is 1

Let n1 = 1 and no = n3 = ng = oo without loss of generality. The condi-

tion (B.6) reduces to
S1 — 7.
This cannot be satisfied.
(iii) Two of ny are oo and two of n4 are 1

From (B.2), we see that Z, acts trivially not only on the scalars but also the
SUSY generators. Thus, this case also corresponds to the unorbifolded case.

(iv) One of n4 is co and three of ny are 1
Let n1 = ny = ng = 1 and ng = oo without loss of generality. The condition (@)
reduces to
s1+ So 4 s3 = Z.

This condition cannot be satisfied.

(v) All the ny are 1
This case also corresponds to the unorbifolded case.

(I) C3 x C/Zy,
We consider the case where three out of four nys are either oo or 1, the other is
generic. This is the case where Z,, acts on only one out of the four scalars.



(i) Three of ny are oo
Let no = ng = ng = oo without loss of generality. The condition (E) reduces
to
oy
n
This cannot be satisfied for any finite ny.

(ii) Two of n4 are 0o, one of ny is 1
Let 1 < |n1] < oo, ng = 1, ng = ngy = oo without loss of generality. The
condition (B.6]) reduces to
S1
— 4+ 89 = 7.
ni

This cannot be satisfied because 1 < |n;| < oco.
(iii) Ome of n4 is oo, two of n are 1
Let 1 < |nq] < o0, ng = n3 = 1, ng = oo without loss of generality. The
condition (B.6)) reduces to
:L_ll + SS9 + 83 = 7.

This cannot be satisfied because 1 < |nj| < cc.

(iv) Three of ny are 1
Let 1 < |n1| < o0, ng = n3 = ng = 1 without loss of generality. The condi-
tion (B.6) reduces to
ﬂ—|-82—|-83—|-S4:Z.
n

This cannot be satisfied because 1 < |n;| < oco.

(1) C? x C?/Zy,
We consider the case where two out of four n 4s are either oo or 1, others are generic.
This class of orbifolding has been investigated in [f].

(i) Two of ny are 0o
Let 1 < |nq], |na| < oo, ng = ny = co. The condition (B.6]) reduces to
S1 S92
ni no

=7Z.

As sy = £1/2, in order for this condition to have solutions, (ni,ng) have to

satisfy
1 1

— =+ — =27,
ni n2
which is equivalent as
ny = :|:’I’L2.
We consider the cases for each sign in the following.

(1) ny=na=n



As |n| > 2 and k > 3, (B.3) and (B.f) are reduced to the following two

equations
1+ 82 =0, s3+s4 = 0. (3.7)
Four spinors
(51,82,83,84) = (+,—,+, =), (+,——+), (= +,+,—), (= +,—+)
satisfies these conditions, which indicates N' = 4 supersymmetry. For

brevity, we wrote “+” for 1/2 and “—” for —1/2. This is the “non-chiral
orbifold gauge theories” investigated by [H].

(2) np=-na=n
In this case, (B.J) and (B.6) are reduced to the following two equations

s1 — 59 =0, 251 + 83+ s4 = 0. (3.8)
Two spinors
(31732733734) = (+7+7_7_)7 (_7_7+7+) (39>

satisfies these conditions, which indicates N’ = 2 supersymmetry. This is
the “chiral orbifold gauge theories” investigated by [f].

(ii) One of ny is oo, another of n4 is 1, others are generic
Let 1 < |ni],|n2| < oo, ng = 1, ng = oo without loss of generality. The
condition (B.6) reduces to

T/ (3.10)

As s4 = £1/2, in order for this condition to have solutions, (n1,n2) have to

satisfy

1 1
— 4+ — =2Z+1,
ny ng

which is equivalent as
[n1| = |ng| = 2.

When n; and ny have the same sign, (B.10) further reduce to
$1+ S92 + 283 = 27,

which is equivalent as
S1+ 89 =27 + 1.

Together with (B-J), the remaining spinors are following two

(31732783734) = (+7+7 _7_)7 (_7 _7+7+)7 (311)



which indicates N' = 2 SUSY. When n; and ns have the opposite sign, the
condition becomes
S§1 — S92 = 27 + 1.

In this case, the remaining spinors are
(317 52, 83, 34) = (+7 Ty T +)7 (+7 -+, _)7 (_7 +, =, +)7 (_7 =+, +, _)7(312)

which indicates N = 4 SUSY.
Compared with the results in (III)-(i), in which two of n4 are oo, the preserving

supersymmetry is exchanged between n; = ng and n; = —neo.

(ili) Two of ny are 1, others are generic
This orbifold action is equivalent as (III)-(i).

(IV) C x C3/Z,
We consider the case where one out of four n4s is oo or 1.

(i) Ome of ny is co.
Let ny = oo. The condition (B.6) reduces to
s s 5
2,23
ny ng ns
From (B.3), two of the s4 are 1/2 while others are —1/2. Thus, in order for this
condition to have solutions, (n1,n9,n3) have to satisfy n% + n% — L =97 As

n3
[n1l, |2, |n3| > 2, the absolute value of the left hand is less than two. Thus,

=7Z.

the condition we should solve is

1 1 1
— 4+ ———=0.
ni no ns

This equation has infinitely many solutions as
(n1,n2,n3) = (2n,2n,n), (6n,3n,2n), (12n,4n,3n)--- .
For all these cases, the remaining spinors are following two
(s1,82,83,84) = (+,+,—, =), (= — +,+), (3.13)
which indicates N/ = 2 supersymmetry.

(V) CY/Zy,

We consider the case where all the n4 are generic.

First, we seek for solutions preserving N' = 6 supersymmetry. As discussed above,
two of the s4 are 1/2 while others are —1/2 from (B.3), and it makes six combinations.
Thus, the solution for {s4} should be the following six

(31782783784) :(+7+7_7_)7 (_7_7+7+)7 (+7_7+7_)7 (_7+7_7+)7
(_7+7+7_)7 (+7_7_7+)



In order to for these six to be all solutions, {n4} must satisfy following three condi-

tions,
1 1 1 1
—_t — - — — =27
7111 7? nlg q4
— 4 — — — =27

————— +— =27 (3.14)

The solution of these equations are
(nb n2,ngs, ’I’L4) = (’I’L, n,n, 7'L)

Though (2,2, —2,—2) is also a solution, it is equivalent to (2,2,2,2).

Next, we seek for solutions preserving N = 4 supersymmetry. As discussed above,
two of the s4 are 1/2 while others are —1/2 from (B.3). First, let (s1,s2,s3,54) =
(+,—,+,—) be a solution. Then, (s1,s2,s3,84) = (—,+,—,+) is also a solution.
In order to preserve N' = 4 supersymmetry, one more pair should be a solution,

which we suppose (+, —, —, +) and (—, +, +, —) without loss of generality. Then, the
conditions which {n4} should satisfy are
1 1 1 1 1 1 1 1
=27, ——— = — +— =927 (3.15)
ny n9 ns N4 ny ng ns na

The solution of these equations are only
(nla n2,ns, n4) = (Tl, n,m, m)

Especially important example is (n,n, —n, —n), which we will investigate in detail in
the following section.

There are plenty of orbifold action preserving NV = 2 supersymmetry. One of the
most important example is

(nla na2,ns, n4) = (Tl, n,n, 371),

which is discussed for n = 1 in the last section of .

Summary

Here, we summarize the results. The Z,, orbifold actions preserving N'= 6 SUSY are

(n17n27n37n4) - (n7n7n7n)' (316)

The Z, orbifold actions preserving N' = 4 SUSY are

(’I’L1,1’L2,7”L3,7”L4) = (n,n,oo,oo), (n7n7m7m)v (27_271700) (317)

The orbifold actions preserving N' = 2 SUSY are infinitely many. For example,

(nla n2,ns, ’I’L4) = (’I’L, —n, 00, 00)7 (27’L, 2”7 n, 00)7 (67’L, 3”7 2”7 00)7
(12n,4n,3n,00), ...,(n,n,n,3n),... (3.18)



4. Moduli spaces of several orbifold gauge theories

In this section, we study several examples of orbifold gauge theories which have N = 4
supersymmetry. We consider the following three cases:

(nl7n27n37n4) = (n7n7 —n, _n)7 (n,n,oo,oo), (n7n7n7n)’

We construct orbifold gauge theory corresponding to them, write quiver diagrams, and
calculate moduli spaces of them.

4.1 Orbifold gauge theory I
In this section, we consider Z,, orbifold by the action

yA _ e27ri/nAyA
with

(’I’Ll, n2,ns, 7’L4) = (7’L, n,—n, —’I’L)

This is the special case for (n,n, m, m) discussed in the previous section, and is a subgroup
of the SU(4)r symmetry. As we will discuss later, we assume that Chern-Simons coupling
k before orbifolding is quantized by n as k = k'n where ¥’ € Z in order to construct a
consistent orbifold gauge theory. As this Z,, action commutes with SU(2) x SU(2) ~ SO(4)
symmetry, which is a subgroup of the SU(4) symmetry, this theory indeed has N = 4 su-
persymimetry.

According to (B.2), we put

y' =2 =27 =Wt oyt =W (4.1)
Then, this orbifold action can be rewritten as
Zl N eQﬂi/nzl Z2 N 627T’i/n22 WTl N e—27ri/nw]Ll WTQ N 6_27”;/”WT2.

Taking account that 14 are transformed by the SU(4)p transformation in the opposite way
as y*, we can also write this action on the fermions using (B.3) as

C2 _ e—27ri/n<—27 Cl _ e—27ri/n<17 wT2 _ e27ri/nw]L27 le _ e27ri/anl.

We note that we cannot write this Z,, action in terms of superfields because this Z,, action is
not compatible with supersymmetry which is manifest in the superspace formalism in this
notation. Actually, if we put y* = Z', 2 = WTl, 43 = 72, y* = W12 instead of (1)), we
could write this Z,, action in terms of superfields (B.])) as 2! — e2™/n 21 22 5 ¢=27i/n 22
W — e 2mi/mpl W2, o2m/mA2 However, in order for simplicity of the calculation of
the moduli space, we take the convention ([L.1]).

In order to construct orbifold gauge theory by Z,, we introduce n/N M2 branes, which
means that Z4 and W4 are now nN x nN matrix. Then, we impose the condition that

— 10 —



n sets of N M2 branes are put at the position of mirror image each other. Conditions
imposed on Z4 and W4 due to this orbifolding are [28, B4, [i]

ZA — e2ﬂi/ﬂQzAQT’ WA — €2Wi/nQWAQT,
CA — e—27ri/n52<~149’[7 wA — 6_27Ti/anAQT,
AP = QAHQT, AF = QArQT, (4.2)

where (2 is defined as
Q = diag(leN, 627Ti/n1N><N, e47ri/n1N><N7 Ce e2m’(n—1)/n1N><N).

This condition indicates that when n sets of N M2 branes are exchanged by 2, the phase
factor arises, which is exactly the condition for mirror image.

This method of constructing orbifold gauge theory is known to work quite well for
world volume theory of D-branes [Rg], but is not justified a priori for that of M2 branes.
However, taking account that orbifold theory of M2 branes should reproduce that of D2
branes at the place far from the orbifold fixed point in the moduli space, it is plausible
to assume that this method is applicable also for the M2 brane case as performed in [24],
where consistent remaining supersymmetry and the D2 brane limit were observed. Indeed,
we will see later that moduli space of the theory constructed by this method is consistent
with the assumption that this theory is the world volume theory of the M2 branes probing
the orbifolded space.?

Solving the conditions (f.J), we have

0 z 0o Wi
0 z3 0o ws
ZA _ . WA — .
0 Z7, 0 Wi,

zA 0 wA 0

0 A 0 wi

Cfx 0 w{‘ 0
A= o e

Cf—1 0 W;?—1 0

AF = diag(A¥, AL, .. A, AP = diag(A¥, AL, ... Al (4.3)

Gauge symmetries and matter contents are conveniently summarized by quiver diagram
as in figure [|. The situation is different whether n is even or odd. When n is even, Zs
subgroup, which invert the sign of the matter fields, of the Z,, orbifold action are already
included in the Z; action of the original ABJM theory because k = k'n as we will see

3There is some subtlety when k' and n are not coprime, as we will see later.

— 11 —



Figure 1: Quiver diagram I

later. In other words, the orbifold action which we are considering are redundant, and
thus, the quiver gauge theory constructed above are not good description. Reflecting this
fact, the quiver diagram divides into two parts when n is even. Similar situation occurs
in the orbifold gauge theory for usual D-brane when we formally impose the constraint of
orbifold to the theory already orbifolded by the same discrete action.

It does not happen when n is odd. In the following, we concentrate on the odd case.

Here, the important point is that the action have to be multiplied by 1/n,* which
is explained as follows. For example, in the branch 3 in (4.13), where the M2 brane is
far away from the orbifold singularity, the gauge groups are spontaneously broken from
(U(1) x U(1))" into U(1);, under which no matter fields are charged. By expanding the
fields around this point in the moduli space, and substituting these into the original un-
orbifolded action, we obtain the usual U(1) action multiplied by n 9. In order to re-
produce correct membrane tension in this phase, the action have to be multiplied by 1/n
from the beginning;

1 s |k 21
S = - /d x [Es’“’ Tr <AM8,,A>\ + gAMA,,A,\> + - } (4.4)
Thus, the Chern-Simons coupling for each gauge group is ¥ = k/n, where k is the original
Chern-Simons coupling before the orbifolding. In order to construct a consistent orbifold
gauge theory, k¥’ must be an integer, which means that k& must be quantized by n. Therefore,

our orbifolded gauge theory will represent M2 branes on (C*/Zy,)/Zy, = C*/(Zyrp X Zy).

4We thank Koji Hashimoto for the discussion on this point.

- 12 —



From here, we calculate the moduli space of this theory. The bosonic potential of the
ABJM theory consists of the one originates from F' term, which we denote Vg, and the one
originates from D term, which we denote Vp. They are rewritten as

Vp = 4k—7T22Tr (242}, — wiiwa) 2P - 2°(Z\ 24— wawt)]
x |(2° 2} - wiWo) 2P — 2P(2}2° - VVcWTC)}T
+4ki22T [(WAWT ZHAZ)WB — wBwiwA - ZAZ*A)}
x [(chg — Z19z0)WB — wBwiwe - ZCZTC)]T
Vi = _12_72T2Tr (WaZPWe — WeZBPWa)| (WaZPWe — WCZBWA]T
L T (24 Wp2C — 2OW 2] [2AWaZC — 26z (4.5)

The conditions for supersymmetric vacua are Vp = 0 and Vg = 0, The former are little bit
different form the usual form of D term condition and can be simplified as

(2271 —wWAWL) 2B — Z2B(Z 24 — wawTh) =

0
WAWS = ZHAZz0)WwP —wEBwWiwA - Z,2t4) = 0 (4.6)

On the other hand, the latter can be rewritten in the same form as the usual F' term
conditions as

WAZPWe —WeZPW4 =0
ZAWpz© — Z°Wgpzt =0, (4.7)

By substituting ([£3)) into (f.6) and ([£.7), we calculate the moduli space of this theory.
The condition ([-6]) from the D term is given by

(ZZ'AZZTA - mTflwi—lA)ZiB ZB(Z AZ W2+1AWZT+1)
WiAWS, = 2182, WP = WPWEWE = Ziaz[l) (i=1,..m)  (48)

while the F' term condition ([L.7) is given by

zAwWphz8, = 28 whzA,
WA ZBwE, = wE ZPwa,,  (i=1,...n) (4.9)

In the following, we limit the Abelian case, that is, N = 1. In this case, these conditions
are simplified as follows. The conditions from the D term are given by

TA W — W ”rTA B _
=17 v 2+
(” 1 1A +1A 1)Z 0
(ZJ_Alzi—lA — Zit14 H—l)” P = =0. (Z =1,... n) (410)

while F' term conditions are given by

WB(ZA 1Zz+1 Zz-i-lZicil) 0
ZPWAWL - WA WE) =0, (i=1,...n) (4.11)
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Actually, solutions of these equations have various branches like

1. Z =0, W : arbitrary
2. W =0, Z : arbitrary
3. WElWi—m = Wi+1AW/,'T_;_417 ijlzi—lA = Zi+1AZZ-Tf1
WA WE, = Wi WE, 78,25, = 264,28, (4.12)

Existence of the first and the second branch is quite natural. Remember that there are
two kinds of orbifold action; the Zj, action,” which has already acted on the original ABJM
theory, and the Z,, action, which we are now considering. The points satisfying Z = 0 are
orbifold singularities because the combination k'Zj, + Z,, acts trivially on such region, and
thus, the first branch appears there. In this branch, the moduli space will be an orbifold of
(C%)™ because W is arbitrary. This implies that there are n objects with Ths2/n tension,
where T2 is a M2 brane tension. In the usual D-brane case, corresponding degrees of
freedom appears at an orbifold fixed point as fractional D-branes [B(). Thus, also in this
case, we could interpret that it is due to the existence of “fractional membranes”.

In the following, we concentrate on the third branch . For solving the equations for
Z, we put

ZA = 7"{‘6’924 (4.13)

(2

and substitute this into the above equations. Then, we obtain

1 .2 2 1 7’3—1 Til—i-l
T 1T = Vi — R =c
o o i—1 i1
i t0i) = e Oia i) — ol | 462 | =07 | +0/,,, (mod 2n)
2 1 2 1 _
— 0 =0, =0 ,—-0,=0
1 42 2 2 1 12 2 12 2 2 12 22 N2
(rim1)” + (1) = (i) + (i) — L+ ) (rig)” = (L+ ) (i)
-l = 7‘1{11 =4 (4.14)

Especially, for n odd, we have

R S (415)

(2

for arbitrary ¢. The analysis for W is the same as this. We obtain the solution
Z} = rlei 72 = 12ei0i+0), W}l = Rleii, W2 = R2i+9) (4.16)

At this stage, we do not consider the gauge symmetry. In order to obtain the moduli
space, we consider the remaining gauge symmetry, which is a subgroup of U(n); x U(n)s.
The remaining gauge symmetry transformation should compatible with the orbifold action
Zn. The U € U(n); and U € U(n), commute with the orbifold action if they satisfy the
following conditions

QU0 =aU, QUQ=al, (4.17)

5As we will see later, we have to assume that k' and n are coprime, where k = nk’, in order that this
Zy, action are reflected to the moduli space.
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where a is an arbitrary phase factor. Due to this phase factor, the remaining gauge sym-
metries which are compatible with the orbifold action are both (U(1) x U(1))™ given in
figure Il and the following global discrete symmetry generated by

U=U=S5,
where
01
01
s=| | (4.18)
01
1

This transformation changes the indices of U(1)} x U(1) into those of U(1)"™! x U(1)5
and act on each field as

0 73
0 z3
74 — 878" = SR
0 z4
z 0
0 wi
0 wi
w4 - SWwAST = . (4.19)
0 wA
wa 0

We call this Z,, symmetry shift symmetry.

At this stage, seemingly remaining gauge symmetry is (U(1) x U(1))™ and the shift
symmetry. Although actual gauge symmetry is a subgroup of this symmetry due to the
quantization condition of the Chern-Simons term, the invariant combination under (U(1) x
U(1))™ and the shift symmetry becomes at least moduli parameter. Actual moduli space
is larger than the space parametrized by the parameters.

At this stage, we can say that the following seven are moduli parameters.

rt=1z047, =120, R =W/, R =W,
i % / % , g = %ﬁj / %ﬁj :
. . nZ Z n Z Z
e&;w+w>zllzfﬂwf=v/]szﬂwf=1 (4.20)
j=1 =1

In [{, the Higgsing of U(N) x U(N) to [, U(1)} x U(1)} in the ABJM theory was
considered. In this case, (anti-)bifundamental matters Z¢ and W* are charged under U(1)} x

— 15 —



U(1)%. For each i, no matters are charged under U(1)! +U(1)} and the corresponding gauge
fields couple only through the Chern-Simons term. Thus, we can dualize these N gauge
fields and the corresponding N constraints appear.

Situation is different in our model. In this case, (anti-)bifundamental matters Z* and
W are charged under U(1)} x U(1)5™ and U(1)it x U(1), respectively. Thus, only
> U(1)% 4+ U(1)5, which we denote U(1);, is a combination of symmetries under which no
matter fields are charged. The corresponding combination of gauge fields

A= TR Al ) =S (Al + AL (4.21)

(2

couples through Chern-Simons term with

A= Te(Aly - A=) (Ag;. - Agg.) . (4.22)

(2

Actually, invariant combinations under the shift symmetry are only U(1), and U(1);. Thus
it is natural to impose quantization condition only to this invariant combination.

Because Ag is invariant under the shift symmetry and does not couple to matter fields,
we can dualize this field. That is, by adding

1

=5 T(LL')EM,,pa“Fé/p,

where 7(z) is a Lagrange multiplier, we can regard Fj as an elementary field instead of A;.
Here, we see that 7(x) has to be periodic as

T(z) ~ 7(x) + 27

from the quantization condition

1
5 /euypal/«Fé/P = / dFI”) = FI; = 27/.
M oM

Normalization of the last equality is followed by the normalization of ([L2T)).
As Fj is an auxiliary field, we can integrate it out. As an equation of motion for Fj is

L) = S0"r(e),

when the gauge transformation act on gauge field as
All(z) — Al (z) + 0 (),

7(z) is transformed as
7(z) — 7(z) + K a(z).

With the normalization of ([1.29), we find that a(x) ~ a(x) + 27. Thus, when we gauge
fix as 7(x) = 0, the gauge transformation
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still remains. From the above discussion, we found that U(1), symmetry is broken to
Zj, symmetry

(01,02,...00,01,02,...0n)

2 2
—><91+—7T 924‘%

27 27 27 27
k‘/’ 7"'a9n+?7¢1_?7¢2_ 'a¢n > (423)

AR

On the other hand, traceless U(1)2("~1) symmetries, which is included in SU(n) x
SU(n) € U(n) x U(n) still remains as a gauge symmetry.
If the discussion above is justified, a new moduli parameter other than (}.20) is

et 225 (05 =¢;)

but under the equivalence relation (f:23). Combined with a moduli parameter €’ 205 +¢3)
in (4.20)), we can regard

j=1 j=1
S0 = T[wh! / [[w> (4.24)
j=1 j=1

as basis of moduli parameters.
In summary, moduli parameters at this stage are

rl, 2 RY, R% €Y & 9, ¢° (4.25)

under the equivalence relation ([£.23), where we put © = Y ;0 and @ =3¢
Considering the metric of the moduli space in terms of these coordinates ([.25), we ob-
tain

ds® = (dr')* 4 (dr?)? +2(dR1)2 + (dR*)? ,
+(rh)? [d <%>} + (r?)? [d <% + 6)}
+(RY)? [d (%)] 2 + (r?)? [d <% + ¢>] 2 : (4.26)

where we restricted the scalar kinetic term to the subspace defined by ({.15) and gauged
away the (U(1)x U(1))"~! parts which are parametrized by 6; —6;.1 and ¢; —¢;11. Thus, we
find C,, x C,, orbifold structure. The moduli space is parametrized by following coordinates;

Zt =rlexp <19> , Z% =r?exp <29 —|—0> ,
n n
1 1 P 2 2 @
W* = R"exp i W* = R”exp zg—i-(zﬁ , (4.27)
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where © ~ © 4+ 21 and ® ~ ® 4 27. Indeed, the moduli parameters are identified by the
C, x C, which transform Z4 and W+ independently. Changing the basis of this discrete
action, we can see that the moduli parameters are identified by the following actions;

(ZA, WA) N (627ri/nZA, e—QWi/nwA) (428)
(ZA, WA) _ (627ri/nZA’ e27rz'/nWA> ) (429)

Rewriting the identifications ({.23), (f.28), and (f.29) in terms of the complex coordi-
nates y“, we have

27 1 2mi 2 27 3 27

Wyt v yt) — (e Wyl e Wyt eyt ey, (4.30)

Wyt vyt = (e ylen yten yen yt), (4.31)
2mi 2mi —2mi 2

Wy vt yt) — (e yten e yd e ). (4.32)

Thus, the moduli space is C*/ (Zy X Zp X Z,).

As discussed previously, in order to construct a consistent orbifold gauge theory, we
have to assume that k is quantized by n, which plays a crucial role to the analysis of the
moduli space. We see that the Z; action (f.30), where k = k’n, and the Z, action ({.31)
are subgroups of the original Z; action. Especially, if we assume that &’ and n are coprime,
the original Z; action can be decomposed into these two discrete groups as Zjys X Z,. On the
other hand, the Z, action (§.32) reflects the Z,, orbifold action which we are considering.
Thus, if ¥ and n are coprime, we find that the moduli space of this theory is consistent with
the fact that the M2-brane probes C*/(Zy, x Z,), where Z;, act complex coordinates y* as

27 1 2mi 2 —27 3 —27i 4

(yh oty yt) — (e ylen y? e n yPen yt).

while Zj;, act as

2mi 2mi 2mi 2mi
(2 vt yt) — (ek yhek yPeh yeh ).

This is the expected results.

However, if k' and n are not coprime, we could not obtain the expected moduli space
by our analysis. It indicates the lack of our understanding of the orbifolding of the mem-
brane action.

4.2 Orbifold gauge theory II

In this subsection, we consider Z,, orbifold by the action

yA _ e27ri/nAyA

with

(Tll, n2,n3, TL4) = (TL, n, oo, 00)7
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which is discussed in [[]. We can see as in the previous subsection that this theory has also
N = 4 supersymmetry. By using ([.1), we can write this action in terms of fields as’

ZA L 2milngA A A (A A A L tmifn A (4.33)
This action is actually the combination of the action
ZA L 2mifn g A A L o2/ A A =2mifne A A 2wif2n A
which is a subgroup of SU(4)r symmetry and the action
ZA L 2mifngA A 2rifeyy A cA L gmifancA A i/ A

which is a subgroup of U(1); symmetry.
Conditions imposed on Z4 and W2 due to this orbifolding are

ZA — €2Wi/nQZAQT, WA — QWAQT7 CA — e—27ri/nQCAQT’ wA — Qu)AQT
At = QAMQT, Ar = QArQT (4.34)

Solving these conditions, we have

0 z{
0 z3
zZA = : WA = diag(Wit, wit, - W2
0z},
zA 0

0 wi
wit 0

¢t =diag(¢i, G0 G, wh = wg' 0

w0
AP = diag(A¥, AL, .. AP, AP = diag(AY, AL, ... Al (4.35)

Gauge symmetries and matter contents are conveniently summarized by quiver diagram as
in figure B
In order to calculate moduli space, we solve ([.6)) and ([.7) by substituting ([£35). The
conditions from the D term (f.{) are given by
A A
(zizly - witwiazP = 28 (2], 28 = wiaw )

7

WiAWl, = 28 2 WP = WP WEL WA - 2,421 (i=1,..00)  (4.36)

5Similarly to the situation in the previous subsection, we could write equivalent action in terms of
superfields as

Zl _ 627'ri/nZl7 Wl _ 672‘rri/n]/v17 Z2 _ 227 WZ _ 1/\]27

which we do not use this convention.
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Figure 2: Quiver diagram II

while the F' term conditions (.7) are given by

ZAWZE‘lZZJrl chﬁ-lzﬁ-l
WAZEWE, = wEzPwd,,  (i=1,...n) (4.37)

Here, again, we concentrate on the Abelian case and these two conditions are simpli-
fied as

Zz'B(Wi+1AVVH_1 WiaWi ) = 0

WE(ZiaZl® — Zi 1aZ1%) =0 (i=1,...n) (4.38)
and

W21 25, — 284,27 =

zBwAwE, —wa,wE) = (i=1,...n) (4.39)

Actually, solutions of these equations have various branches like
1. Z=0, W :arbitrary
2. W =0, Z :arbitrary
3.

WAW = WiaWi, ZiaZ}" = ZigaaZlly
WiWE = Wi, WP, z{z5, = 28,27
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We concentrate on the third branch. We put

ZA = rAeit (4.40)

7

and substitute this into the above equations. Then, we obtain
1 1

1.2 _ .21 i Tipr _
TiTip1 =TT — 2T 2 =c
' i+1

O H041) = O H+040) 0f + 67, =07 +0,, (mod 2r)
1y2 2\2 12 2 2_)0i2+1_29}+212:922_9}2502 2
(ri)” + ()" = (rig)” + (1) = A+ )(F)" = 1+ ) (ri})
=i =riy =" (4.41)

In this theory, we obtain, regardless of the parity of n,

=4 02 -0l =0

for arbitrary ¢. The analysis for W is the same as this and we find
RY}=RY, -9l =0¢.
Thus we obtain the solution

Z} = rlet, 72 = p2il0:i+0) W} = R'e'i W2 = R2(9it9) (4.42)

(2

In the following, we consider remaining gauge symmetry. The existence of the global
shift symmetry and the breakdown of U(1), symmetry into Zj due to the quantization
of the Chern-Simons term can be discussed similarly to the previous subsection. Then,
the moduli parameters are given by ([L.27). Assuming that k' and n are coprime, we see,
by changing the basis of the discrete action, that the moduli parameters are identified
by the action

(ZA, WA) N (627ri/nZA, e—QWi/nwA) (443)
(24, w4 - (62”/"2‘4, WA). (4.44)

Thus, together with the equivalence relation (), we see that the moduli space is
C*/(Zy, x Z,,), where Zj, act on complex coordinate y* as

27 1 2mi 2 27 3 27

Wyt vt yt) = eyl e m ytem gt eyt

while Z,, act as . _
vyt = (et e Ryt g,
This is consistent with the orbifold action.

This result is also consistent with the result of [I{], in which it was discussed that the
moduli space of this theory for k' = 1is C*/(Z,, x Z,) = ((C2/Zn)2.

Actually, if n is odd, this theory is essentially the same as that of the case of “Orbifold
gauge theory I” under the condition that k is quantized by n and that &’ and n are coprime,
where & = k'n. By changing the basis of the orbifold action, we see that the Z, x Z; =
Ly, X Ly, X Ly action of this theory is equivalent to that of “Orbifold gauge theory 17.
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4.3 Orbifold gauge theory III 7

In this subsection, we consider the orbifold gauge theory by the Z,, action

Because this action commutes with SU(4)g symmetry, N/ = 6 supersymmetry preserves.
Rewritten in terms of superfields, this action becomes

ZA N e27ri/nZA WA N e—27ri/nWA.
Similarly to the previous section, we impose the conditions
zA = 2miinqzAQt, WA = e o, v=avaf, v =qval.(4.46)

Solving these equations, we obtain

0 z{ 0 wik
0 2z wit 0
ZA _ . L ’ WA — W? 0
0 24, A
zZA4 WAL 0
Y = diag(V1, Va, ... Vo), V = diag(V1, Va, ... V) (4.47)

The result described in the quiver diagram is figure . We obtain n sets of decoupled
original U(NN) x U(N) theory. Strictly speaking, they are not completely decoupled to each
other but related only through the shift symmetry. This is not expected results from the
orbifold action.

As discussed in the previous section, the Chern-Simons coupling k& before orbifolding
have to be quantized by n. This means that the left hand side and the right hand side of
the orbifold action ({.45) is already identified before orbifolding. That is the reason why
we obtained the unexpected results. The situation is similar to the case where n is even in
“Orbifold gauge theory 17.

5. Conclusion

In this paper, we have studied the Z, orbifolds of the ABJM theory with U(N) x U(N)
gauge group. Besides the models discussed in [ff] we found, for example, the N' = 4
supersymmetric membrane theory on C*/(Zy x Z,).” The orbifold actions were taken as in
the orbifold of the D-brane world volume theory, where the bi-fundamental representation
of U(N) x U(N) are regarded as the adjoint representation of U(N).

In order to verify the orbifold theories indeed describe the membranes on C*/(Zy, x Zy,),
we analyzed the moduli spaces of them. Here, we had to assume that & is given by k = nk/,

"Recently, it was shown in [@] that ABJM theory is actually a special case of the wide class of three
dimensional N' = 4 Chern-Simons theories investigated in [@] It is interesting to check that our orbifold
gauge theories are also included in this class.
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Figure 3: Quiver diagram III

where k' is integer, in order to construct a consistent orbifold gauge theory. Together with
the assumption that n and &’ are coprime, the moduli spaces were shown to agree with the
orbifolded space. However, if the n and " are not coprime, we could not obtain an expected
result. Solving this problem will be an interesting future work. It is also interesting to
extend our work to non-Abelian orbifolds.
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